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SECT 1L
bEFINITIONS.

Frowing quantity is one that continually

increafes or dccrcafcs, and-in fuch a man-

ner that fome time is requifite to make any | in-
crement or decrement.

2. TuE Fluxion of a flowing quantlty is its
rate or fwiftnefs of increafe or decreafe.

3. THE change of a flowing quantity is the
- difference between the flowing quantity itfelf,
and its value at a particular inftant of time.

' 4. THE time in which a change is made, is
the time the flowing quantity takes to alter from
a prior to a fubfcquent value, whofe difference
s the change.

5. THAT change is faid to vanith at a given
inftant, which is "the difference between the
.flowing quantity before that inftant and its va-
lue then; and that change is faid to begin to
arife at a given inftant, which is the difference
between the flowing quantity after that inftant,

- and its vzlue at that inftant, -

JLLusTRATION.

LeT ybe a quantity continually increafing,
4 its value at a given inftant; then 4A— will
reprefent its change [taken from that inftant] fo
. long as yis lefs than A3 and this change will
vmmfh when y becomes equal to 4 and | by the

continued
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continued increafe of y, there will then begin to
arife another change which is ever afterwards
cqual to y— . -

Def. 6. Ir there be two permanent quantities
Aand B, and two other flowing Quantities 4
‘and b, and the ratio of @ to & be always, during
a given time, that of the fum or difference of
the firft permancnt quantity 4, and another
flowing quantity x to the fum or difference of
the fecond permanent quantity B, and another
flowing quantity y, and at the end of the given
time all the lowing quantities vanifh ; then the
ratio of the permanent quantities £ and B, is
the laft or ultimate ratio of the vanifhing quan-
tities 2 and & 3 which I thus exprefs, ult. a: b : :
A:B.i.e ifa:b:: AT x: B X yalways, du-
ring the time 7, and at the end of that time, g,
b, x, y all vanith; thenult. a:b:: 4:B.

7. Ir other things being fuppofed the fame,
a, b, x, y, be each equal to nothing at the be-
ginning of the time 7, then the ratio of 4 to B
is the firft ratio of the nafcent quantities 2 and b3
which I thus exprefs, p™a:b:: 4: B,

Remark. TuEesE two definitions are in effect
the fame with thofe given by Sir Ifaac Newton,
and- can’t be difputed; for whether 2 and b,
properly fpeaking, have any proportion as they
arife, or vanith, yet A and B have ; and that
I am at liberty to call.by what name I pleafe.

Coroll. 1. TrE ultimate ratio of two vanifh-
ing quantities, is a determinate ratio; 7. e. if
ult.a:b::4:B,andult.a:b:: A:N. Bis
=N. For fince ult. a:b:: A4: B ; therefore,
by Def. 6. a:b:: A7 x: B+ yduring a given
time 7, at the end of which the flowing quan-
tities 4, b, x, y, all vanifh; and by the fam¢

2 4 Defin.

[, ' ) . B
\
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Defin.a:b:: AF v: N Faz, during a given
time #, at the end of which the flowing quanti- _
ties 4, b, v, 2, all vanith ; and the end of ¢ and
T coincide, becaufe that is- the inftant when ¢
and 4 vanith. Taking thercfore the fhorter of
thefe times #, during that 4 Fx: B Fy:: 4
. ¥ v:NTF 2. Now becaufe #, J» %, v, change
only as flowing quantitics, and vanifh together
at the end of the time £, before the end of the
, time £ they will be all lefs than any affignable
~quantity D [for fuppofe any of them never lefs
than D before that inftant, then a decrement as
- large as D muft be made inftantaneoufly, in or-
der to its vanithing at that inftant, which is
contrary to the fuppofition of its changing only
as a flowing quantity.] But fince #, Y Uy 2
may be as fmall as you pleafe, and yet the
analogy AT x: BT y:: AT v: NIz be pre-.
ferved, it is plain that 4: B:: 4: N and that
therefore B = N, Q. E.D. SRS
Coroll. 2. In like manner it may be proved
. that the firft ratio of two arifing quantities is a
given ratio, = :
o Axiom I . )

- THE fum and difference of two flowing, and
the fourth proportional to three flowing quanti-
ties; and therefore a quantity any how made up
of given and flowing quantities, muft be itfelf a
flowing or permanent quantity ; 7. e. fome time
Is requifite to its receiving any increment or de-

© crement, becaufe a change in it muft imply 4

- change at leaft in fomé one of them. L
. Coroll, 3. Ir a:b:: AT x: B during the time
7’5 then if, at the end of the time 7, the flow-
. Ing quantities a, b, ¥ vanifh, ult.a:b:: 4:B;

and if, at the beginning of 7, they are equal

: o to
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to nothing, p™ a:b:: A:B. For becaufe a:
b:: A5 %:B, thercforea:b:: 4+ a5 x:B
-+ b during the time 7, and aand 4, and a7
are flowing quantities all vanifhing together, or
all arifing together; and therefore, by Defin,
6 and 7, in the former cafe ult. a:b:: 4: B,
and in the latter p™ a:b:: 4: B. o

Coroll. 4. Ira:b:: A: B always, a and b
vanifhing or arifing together, thenult. a:5::
A:B; or p™azb::A:B. This is proved
as the foregoing. L

* Coroll. 5. IF the ratio of two quantities con-

tinually decreafing approach continually nearer
and nearer to a given ratio, and by fo doing at
length come nearer to it than by any affignable
difference, that given ratio is the laft ratio of
the flowing quantities' when they vanifh,  Let
the flowing quantities be 4.and &, the given ra-
tio Z: B. Then fuppofing a :b:: A:B ¥+«
always, as @ and b decreafe, x will alfo continu-
ally decreafe in the fame manner as a flowing
quantity, by 4. 1. and ¥ may be as fmall as
you pleafe, becaufe the ratio of 4 to b may ap-
proach nearer to that of 4 to B, than by any
aflignable difference. And therefore when 4
and b vanifh, x muft vanifh with them ; [for if
it then be equal to D, it never before was lefs
than D, fince it was continually decreafing;

_whereas. before it was fialler than any affigna-~

. ble quantity] and therefore, by Cordll. 3. ult.
a:b::4:B. _

Corall.'6. Ir two flowing quantities 4 and b
arife from nothing at a given inftant, and the
nearer the time be taken to that of their rife, fo
much.the nearer is their ratio to that of A to B3
and the time may be taken fo fmall, thatthe

AN T i
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ratio of 4 to b fhall differ from that of 4 to B,
Iefs than by any aflignable difference, in this cafe,-
pa:b::A4:B. °“T'he Proof of this is ﬁmllar

2o that of the foregoing.

Remark. " In thefe two laft coro]la,nes you
have Sir Tfaac Newtor's defcription of the ultl-
mate ratio of vanithing quantities, and the *
pnme ratio of nafcent or arifing ones, which i is
in effe@ the fame with that given in Defin. 6, 7.
But I chofe to make this little alteration for the

\ greater expedition in practice, -And it is to be
noted, that tho’ Sir Jfaac, to explin what he
means by the ultimate ratio of vanifhing quan-
tities, defcribes it as in Coroll. 4. yét in pra&xcc
he feems cvidently enouch to make ufc of one
fimilar to that of Defin.

" Coroll. 7. IF ult. a: b A B then ult a—l—-
b:b:: A4+ B:B. Forﬁnccult a:b::4:B,
by Defin. 6. a time 7 may be aflumed ; during
whicha:b:: A7 % B.;.y, andatthcendof
% .. which -

. We ha\e not, as I'know of, any"dire¢t definition of
thefe prime ratio’s, but we are left to form it from that
soft accurate definition of the ultimate ratio’s of vanifhing
guantitics ; which we; have at the latter end of Schol,
Lemm. 11, Princ. and which is fo plam, that I wonder
" hew our atthor could help undérftanding it ;* which had he
done, I am apt to think that all his #na/yft fays concerning
the proportion of quantities vanithing with the quantities
themfelves, had never been heard: For according to this -
deﬁmtlon, we are not obliged to confider the laft:ratio as -

_ ever fubfifting betwveen the vamfhmg quantities themfelves.
But between other quantities it may fubfit, not only after -
the vanifhing quantities are quite deftroyed, but before when
- they are as large as you pleafe. And the reafon we confi- _
der quantitics as ‘decreafing continually till. they vanifh, *
is‘not: in _order to make, but to find out, this laft rano..

. Sir Jfaac Neawton does indeed fay that_this laft ratio is the :

. ratio with which, the quantities themfelves vamfh but whe-

. ther he herejn fpeaks with the utmoft propriety or not, isa
mere nicety on which nothing at all depends.

)

% . -7
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which the flowing quantities 4, b, «, y, all va-’
nith ; and therefore alfo during that time, 4 4
b:b:: A4+ BFxFy:BFy; and at the
end of that time alfo, the four quantities 4 -+ 5,
b, ¥ ¥y, and y, which are flowing quantities,
by Axiom 1. vanith: wherefore, by De¢fin. 6.
ult.a+b:b:: 4+ B:B. o

" Coroll. 8. Irult. a:b::d:lB, thenult. 2 —5
tb:: A—B: B; A being greater than B.
Corall. 9. Irult. a:b::4: B, and ult. b:d
:: B: D then alfo by equality, ult. a: d:: 4
: D. : ,
Remark. ThesE two laft corollaries are de-
monftrated by the like contrivance as the fixth;
and the like propofitions are true, and in like
" manner to be proved concerning prime ratio’s.

Axiom 2. A QuanTiTY flows uniformly,
or with a permanent Fluxion, when the changes
made in it are always proportional to the times
in which they are made, :

Axiom 3. Tue Fluxions of quantities uni-
formly flowing, are always in the proportion
of their fynchronal changes; and therefore, be-
caufe this is a given ratio (by Coroll. 4. Defin. 5
and 6.) in their ultimate ratio when they va-
nifh, or their prime ratio when they arife.

Axiom 4. Ir thro® any time twe quantities
be generated, or changes be made in two quan-
tities, one with an uniform Fluxion or rate of
increafe or decreafe, and the other with a Flu-
xion continually increafing; then the ratio of
the quantity generated, or the change made by
the uniform or permanent Fluxion to the quan-
tity generated, or the change made by the con-
tinually increafing Fluxion, will be always lefs

o C ' than,
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“than the ratio of the Fluxion of the former is to
the Fluzion of the latter at the beginning of the

-time, and greater than the ratio which the Flu-
"xions are in to one another at the end of the
time. :

- “Axiom 5. Bur if, other things being fuppo-
fed the fame, the latter Fluxion continually
“decreafe, the ratio of the quantity generated, or
the change made by the uniform or permanent

- Fluxion to the quantity generated, or the change
made by the continually decreafing Fluxion,

" " will be always greater than the ratio of the Flu-

xion of the former is to the Fluxion of the lat-
“ter.at the beginning of the time, and lefs than
“the ratio of the Fluxion of the former to the
“Fluxion of the latter at the end of the time.
Both thefe axioms are plain confequences from
this obvious truth, that if any ‘thing increafe
with an accelerated velocity or fwiftnefs, the
" increafe made in a given time will be greater than
if it had all along increafed with the fame fwift-
. nefs it did at the beginning, and lefs than if
it had all along increafed with the fwiftnefs it -
- did at the end of it ; and that the contrary will
. happen if the velocity be continually retarded.
.And the reader will pleafe to take notice, that
as the foregoing axioms are the fole principles
on which the dottrine of Fluxions is built, fo
they were generally allowed, before this dotrine
‘was ever thought of, 'in relation to the veloci-
ties of moving bodies, and the fpaces defcribed
by their motion. * The only thing new in this
cafe is, ‘that the idea of velocity is renderd
more general, and, inorder to prevent ambi-
guity, the word Fluxion has been fubftituted in
"the room of it : “but ftill the fame general notion
Is preferved 5 for as velocity, at leaft in its n}orf
SN e e ufual
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ufual fenfe, fignifies the degree of quicknefs with which
a body changes its fituation in refpect of fpace, fo the
Fluxion of a quantity fignifies the degrec of quicknefs
with which the quantity changes its magnitude. Why
then is the notion of a Fluxion harder to be underftood
than that of a velocity ? Why may not we make ufe of
the faime axioms in rclation to one, which all the world
allows in relation to the other? Surely fome. reafon
ought to be affigned of the difference between the two
cifes; or it is not fair to make thofe things peculiar
objections againft the notion of Fluxions, which equal-
ly affe& the notion of velocities. And I am apt to
think that the reader is miftaken, if he imagines that
Sir Ifaac Newton is peculiarly attacked in the objections
of the Analyft on this head, and not the common fenfe
of mankind both before and fince histime, And what
good reafon can be affigned why the common notions
of all mankind are reprefented as the peculiar blunders
of Sir Ifaac and his followers, it is not eafy to determine.
As to the fecond, &c. Fluxions, there may, I allow, -
feem to be fome peculiar difficulty in them: to perfons
that are not ufed to thefe fubjects; but it feems to me
great weaknefs to imagine that there can be any pecu-
liar objeétions againft them, becaufe tho’ the farther
we go in the orders of Fluxions, our ideas become
more and more complex, yet no new fimple ideas are
admitted. And when our author afferts, that in order
to conceive of a fecond Fluxion, we muft conceive of
the velocity of a velocity, and that this is nonfenfe ; he
plainly appeals to the found and niot the fenfe of words.
‘W hen velocity is confidered only as an affe€tion of mo-
tion, the velocity of a velocity is nonfenfe. But then
this is not the notion of a fecond Fluxion ; and if by
inlarging the idea of velocity, you make it fynonymous
to the word Fluxion, then the velocity of a velocity,
however oddly it may found, is nothing but plain com-
mon fenfe. For the degree of quicknefs with which any
quantity increafes, may vary to greater or lefs with any
i Ca2 » degree

-
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degree of quicknefs 1mwm~b]c; and this laft is called-
the fecond Fluxion of the quantity. Now if the author.
of the Analyft can fhew the abfurdity of this notion, he
is welcome fo to do; but let him not firft drefs it up in
an ambiguous phrafe, and then think to confute it by
lauchmg at his own way of undcrﬁﬂndmg that phrafe,

“PROP. L

Ir there be two flowing quantities, one of which
flows with a permanent Fluxxon, and the other with a
continually increafing one, then the Fluxions of thefe
quantities, at any given inftant of time, will be in the
Jaft ratio of their fynchronal changes vanithing at that

jnftant, and in the prime ratio “of their fynchronal
changes which begin to arife at that inftant.

' 1. Lzt the given inflant be the fix’d end of the va-
qable time ¢, the determinate values of the two flow- .
ing quantities at the given inftant 4 and B, their Flu- -

xions then y and z; the flowing quantities themfelves
yand z; the fynchronal changes made in the time ¢
in the quantities y, z, and the Fluxion of z, which
continually increafes, and I fuppofe now only as a
flowing quantity, whilft the Fluxion of y remains al-

ivays the famc, call fcfpe&ively _):, %, and z 'Ihen
' {mcc z i the Fluxxon of z at the given mﬁant or thc

cnd of t and z thc change made in it during the
time ¢, and this Fluxion continually increafes; there-

fére‘z’_— gwil,l al_vw}afé exprefs the F lux_i§n of z at the
' _beginning of #, whether ¢ be loncer or Ihortcr; and

gonfcqucnt]y, by Ayiom 4. the ratno of y to z : will be
. ; , p.lways
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. . T 7.
always lefs than that of y to z—2, and greater than
. .« 1 7 .. .
that of y to 2. If thercforc y 1 z : : y : z—w always,

7.
x will be always lefs than z.  Now as # continually
decreafes, it is plain, by Axiom 1. that the quanti-

. LA .
tics y, z, ¥, z being always made up of given and
flowing quantities, can themfelves only vary as flow-
ing quantities, and as fuch they muft vanifh, when ¢

vanifhes that is at the given inftant: [ _}l’ muft then
vanifh, being always equal to the difference between
~Aand y; and A and yare equal at the given inftant :

’ ’.
for the fame reafon z and z vanifth at the given in-
flant, and » alfo muft vanifh, it being all along only

[ T .«

a part of z] Wherefore fince y:z::y:2—x al-
4 Al 4 . N . .

ways, and y, 2, and ¥ varying only as flowing quan-

tities, vanith at the given inftant, (by Cor. 3. Def. 6.)
_ult._;czz"::j:é. , '

.2, Aca IN 5 lét 7 denote any time that begins at
the given inftant, y and 3 the Fluxions of the quanti-

. . ) . 1.

ties at the beginning of the time 77 _y‘, 3,.and 3, {yn-
chronal changes of the quantities and of the Fluxion
that increafes, made in the time 7, and other things

being fuppofed as before. Then by a like reafoning-

as the forégoipg, it will appear, from Axiom 5, that if

¢ 7 o . I
Y:3::3:5+ %, that xisalwayslefs than3; and by .

'_ffxiom 1. and remark at the end of Coroll. 9. that

P."‘°Ly;5;:y;_.5, e S i
L o 3- Ir
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-3. Ir the Fluxion of z at the beginning of the
time 7, receives an inftantancous i increment, whicli
is' not impoffible, nor contrary to any thing fuppo-
fed in the propofition, then z is to be looked upon
as' having two Fluxions at the given inftant, one of
which is that it would have had if no fuch alteration
had been in it; and the other is that it would have
had if the fame alteration had been made in it before
the given inftant, and not then. And taking the
times # and 7 fo fhort, that during both there be no
other inftantaneous alteration made in the Fluxion of
z, befides that at the given inftant; and following
the fteps of the foregoing demonftrations, you will
. find that the ultimate ratio of the changes of y and z
vanithing at the given inftant, is the fame as the
ratio of their Fluxions, on the fuppofition that no
alteration  had been made in the Fluxion of z at the
given inftant; and that the prime ratio of the changes
of y and z beginning to arife at the given mﬁant, is
the fame as the ratio of their Fluxions,. on the fup-
pofition that the alteration in the Fluxion of z had
been made before the given inflant: all which is
manifeft, fince on the former fuppofition, the Fluxion
of z thro’ the time #, and on the latter thro’ the time
if' vancs only asa ﬂowm g quantity. Wherefore, &5c.

HE CAN IS . k,tt,/. WWD

st RO 'P R 0 P H: BRI

. Ir: two quantmcs ﬂow, one umformly, and the
othcr with a decreafing Fluxion, or with a Fluxion
“increafing to a given mﬁant and then decrealing con-
tinually, or vice verfd ; and even tho’ this Fluxion
thould not always before or after the given inftant
increafe, or always decreafe, but for fome time
only immediately before it,” fhow’d continue in’ the
fame ftate of increafe or decreafe, and fo likewife
immediately after it; yet ftill the Fluxions of thefe
quantmcs will be in the laft ratio of their fynchronal

- changes
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changes vanifhing at the given inftant, and in
the prime ratio of their fynchronal changes
which begin to arife at that inftant ; i, e. thisis
‘true in whatever manner one of thefe quantities
fow. All which is to be made out by follow-
ing the fteps of the demonftration of the fore-

" going propofition, having affumed your times
tand 7 fo fhort, that during either of them
there be no alteration of the Fluxion from a
ftate of increafe to that of decreafe, or wice
verfd.

PR OP IIL
.
'Ir two quantities flow any how, their Flu-

" xions, at a given inftant of time, will be in the

_laft ratio of their fynchronal changes vanifhing
at that inftant, and in the firft ratio of fynchro-
‘nal changes then beginning to arife.

1. LeT the given inftant be the end of the
time ¢, the flowing quantities z and «, an uni-
formly flowing quantity y; changes made in

thefe quantities in ihe time ¢, sz, ::, y'-, their
Fluxions at the end of #, 2, #, . Then (by
:Prop, 2.) ult. % )’: ::z:y, and by the fame

l\_]lt.;;’ : a:‘ 1y X3 whérefore, by equality, ult.

4 ’ .
z:x::z:x.

"2, LeT the given inftant be the beginning
n pf' T, the changes made in the time 7' s é, A”, 2”,
and their Fluxions at the beginning of 7, Z, X7
/. . Then
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Then alfo (by Prop. 2.) p™ Z:¥:: 2 7,

* .and p™ Y:X::7:X; and therefore, as be-

fore, p"°Z,:AI’::Z:X W.W.D. -
LEMMA L

Ir a determinate ratio be never greater than
the greateft, nor lefs than the leaft of two vari-
able ratio’s, it will not be greater than the
greateft, nor lefs than the leaft of thofe ratio’s
- when they are prime or ultimate; i.e. if £: B
is never greater than ¥ : y, nor lefs than v : z,
.it will be a mean alfo between the ultimate or
prime ratio of ¥ to y, and v to z; or of the
~ultimate ratio of ¥ to y, and the prime ratio of
v to 2, or vice verfé. All which is plain; for,
. by an evident confequence from the definitions
*of prime and ultimate ratio’s, the quantities v,
-Z, %, y, may be fo fmall, as that their ratio’s
-fhall differ lefs from their prime and ultimate

ratio’s than by any aflignable difference; and
therefore if, x : y being the greater of the two
- ratio’s, A: B fhould be greater than the ulti-
‘mate ratio of ¥ to y, let the difference between
them be D. Then becaufe » : y may be nearer
to the ultimate ratio of ¥ to y, than by the dif-
ference D, the ratio'of 4 : B may be greater
than that of ¥ to y; but 1t'is fuppofed to be ne-
ver greater ; which things are inconfiftent : and
therefore 4 : B is never greater than the ultimate
‘ratio of ¥ to y. And in like manner every
- thing elfe afferted in this Lemma may be pro-

- Coroll,
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. Coroll. HEn ck if the ultimate ratio of
v to 2z, and the prime ratio of ¥ to y be equal ;
and the ratio of A4 to B be never lefs than that of
¥ to y, and never greater than that of vto z,
then the ultimate ratio of v to z, and the prime
ratio of x to y, will be each equal to that of 4

to B.
P R O P. ‘1IV. '
SUPPOSING that at the time you frek the
r llmons, there be no inftantancous change

made in them; 7. e. fuppoling the Fluxions you
feek to be themfelves flowing quantities,” or
permanent oncs, then if you can take fynchro-
nal increments or decrements of each, made
partly before and partly after a given inftant, in
fuch a ‘manner, that however fmall they ﬂnll
always be in a given ratio, that ratio will be .
the ratio of the Fluxions of the quantitics at the
given inftant ; i. e. if the flowing quantities be
zand x; and if whilft z clnnces from A4—y
to /l—y—l— a, x changes from B—v to B—wv
4, a being greater “than > and b than v
“4nd the ratio of 4 to b be a given rano, then
the ratio a: b is the ratio of the Fluxions of z
and x at the inftant that z = 4 and x = B, 4
and B bemg permanent quantmes : For callmcr

thc Fluxions of z and -x at that time z and %,
ﬁnce vand y are* fynchronal changes “of z and

* vam{hmg at the gnvcn mﬁ:ant, ult. Jro: z

v é

+#3-and-becaufe ¢ — y and b ——'v are fynchxo-
nal changes of the fame quantities arifing at the
gwen inftant, and there are no inftantaneous

D . .changes
: ? $¢e D{ﬁn. 5.
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<changes made in the Fluxions, thercfore p™ a4

“—y:b—wv::2z:x; but theratio of 2 to b, as
is evident, is never greater than the greateft,
nor lefs than the leaft of the ratio’s y : v, and

- a—y:b—wv; and therefore (by Coroll. Lemm,

preced.) the ratio 2 : b, which is a given ratio,

is equal to z : ¥, which is the ult. ratio of y: v,

and the prime ratio of 4 —y : b —v. W.W.D,

Remark 1. It muft be owned that this propo-
fition affords only a more indire€t way of find-
ing the Fluxions of quantities, and has this dif-
advantage above the foregoing, that it not only
caninot be applied where there is an inftantane-
ous change made in the Fluxions; (it then giv-
ing only a mean between the greateft and leaft
Fluxion of the quantity whofe Fluxion you feek )
but alfo when the Fluxion of the quantity you
feck, compared with a permanent Fluxion,
changes from an increafing to a decreafing one,
or wvice verfi. However I thought proper to
take notice of it, becaufe in particular cafes it

* affords the moft elegant manner of demonftra-

ting the propofitions of Fluxions : and the way

- of demonftrating from this propofition, has at

Jeaft. fome fimilitude to that which Sir Ifaac
Newton ufes in Lemm. 2. Lib, II. Prine.

" Remark 2. Tuz obfervation I made at the
end of Prop. 1. That the Fluxion found out

from the laft ratio’s and firft ratio’s may pofi-

bly be different at the fame inftant of time,

~cannot create any difficulty in practice, nor re-

quire that we fhould inveftigate them both
o . S . - . ways,
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‘ways,* becaufe if the Fluxions of any quantities
as found out one way, appear to be flowing
quantities, they muft be fo in reality, and there-
fore are always the fame when found out either
way. In what follows, thercfore, I fhall only
confider Fluxions as found from the ultimate
ratio’s of the vanifhing changes, but the reader
will eafily fee that exactly the fame conclufions
would refult juft in the fame manner, by argu-

.ing from the prime ratio’s of the changes that
begin to arife at any inftant.

PROP. V.

Tue Fluxion of the fum of two quantities is,
at the end of any given time, or always, equal
to the fum of the Fluxions of each, if they both
~increafe or decreafe together. Let the two
flowing quantities be z and y, their fum, by
Axiom 1, is a flowing quantity, which call 53
then is z + y = s always ; and calling the Flu-
xions of thefe three quantities at the end of any

given time z, y, 5, and their fynchronal changes
“vanithing then :é, )’v, and 5. Then becaufe z
énd y increafe or dccrcafc together, é-i- )" =..;
fallwaysg therefore ult. §:z + J'r 11’ I s but

- (by Prop;- 3.) ult. % _;;: 12 )'», and therefore
S D2 ult.

" '*i. e. By confidering the changes made in the flowing

quantities as the differences between their values at the gi-

~en inftant and their former values, which differences va-

nith at the given inftant; and then confidering them as the

differences between their values at the given inftant, and

their fubfequent values, which differences begin to arife
- @t the given inftant. See Defin. 3 and 5. '
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ult, 2 +51 :5’ itz 4y :y3 and therefore from
the firft and third analogies it follows that ult.

y,:;:'_:j:z':—{—j; but (byPrép. 3) ult._y’:s’:: |

-y:53 and therefore becaufe the ultimate ratio
of two vanithing quantities is a given ratio

j:,'z—l—)";:y:;, and z - y=1ys; and confe-
- quently the Fluxion of 5, the fum of two flow-

" ing quantities increafing or decreafing together,

- is always equal to the fum of the Fluxions of
exch. -~ . W.W.D.

"~ "PROP. VL

Ir an equation involve ever fo many flowing
‘quantities, turn them all on one fide, and then
‘inftcad of each quantity putting its Fluxion, you
will have the equation exprefling the relation of
‘the Fluxions when all the quantities flow. one
way; but if not, change the fign before the
Fluxions of thofe quantities which decreafe, and
this will give you the equation of the Fluxions.

. 1> Suppost the quantities to flow all one
:way, and that the Fluxions of y, 2, &e. are
5, z, &c. then if z—y -+ ¥=v+r—s al-
ways, it will follow that z — + %— o —7
& 5= o. For from the firft ccjuation.z. +x
+ s =+ r 4y always; and taking § =2
4% =s=8§+sy,andR=v+7r, ando =R
-+ y always, ’tis plain that §, =, R, », which
‘are flowing quantities, by Axiom 1. muft flow

- the fame way with z, y, &e. and therefore (by

. Prop. 5.)

~

N
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Prop. 5.)§ =zt s s=§+5 R=v+r,
and » = R + y; and becaufe = = o always,
therefore = = o, and R +j =8+ 53 that s,
Gbrdy=ndadi, ori—yti—v—r
4 s=—o0. And the fame way this part of the

propofition is evident, if there had been ever
fo many flowing quantities in the equation.

2. Suppose fome of the quantities to de-
creafe whilft others increafe, and let the equa-
tionbe Z—2+v—x= R+ r 4 T always;
I fay then, that if the great letters denote in-
creafing quantities, and the fmall ones decrea-

fing ones, that Z—2Y— o9+ X—R—T +r
=o. For taking V=2D—w, and X=D
—#, and P =D —r always, D being a deter- -
minate quantity large enough, it is evident that
whillt v, », » decreafe, 7, X, P muft increafe,
and that 7+ R+ T+ V=Z 4 X+ P always.
- 'Wherefore by the foregoing part of this propo-
fition, Y4+ R4+ T A V—Z—X—P=o0.
But becaufe /' = 2 D — v always, the fynchro-
‘nal changes of 7 and v are always equal, fince

D is a ftanding quantity ; and therefore = 9.
And in like manner X=x, and P = r. Put-
ting therefore v, #,  in the places of 7, X, P,

it will follow that Z—7—v 4 —R—9'+ 7
=Q. And in the fame way the juftnefs of the
A rule

~
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- rule might have been demonftrated (as is evi-
dent) had there been ever fo many more quan-
tities in the equation.

‘ Coroll. Tue fame rule holds, tho’ befides the
flowing quantities there be determinate ones in
the equation, fuppofing their Fluxions = o, as
is too evident to need any demonftration.

. N. B. In prattice this change of the fign is
negleted as ufelefs, but then we confider the
Fluxions of decreafing quantities as negative,
which comes to the fame thing.,

PR OP. VIL

LeT 4 be a determinate quantity, z and x
flowing ones, their Fluxions z and x; I fay
then, that if 4z = x always, 4z will be = »
" always: for z:x::1:4; and therefore the

fynchronal changes, and confequently the Flu-
xions of z and », will be always in the conftant

ratio of 1to A ie zixi:1 : A, and con-
fequently Az = x always, ~~ W.W.D,
" PROP VIL
LeT » and y be two flowing quantities whofe
- Fluxions are # and y always; I fay then, ';ha't
if s* = y alwairs, that 2 % = y alv}ays.' Let 4
“be the value of at‘:xa'givc;n inftant, # and}’:
fynchronal changes of » and y vanifhing at that
inftant, X and 7" their Fluxioné at the fame in-
S , ftant 5
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ftant ; then becaufe &' — y always, 2 4 x T a

! C . R : I3
=y always, as is evident; and therefore x: y
f

2y

~

’

%

t1:24 ?::' always, and thcrefore ult,
t2 A (by Coroll. 3. Dqﬁﬂ 6.) but ult. ¥ :y

X T (by Prop. 3.) Xand ¥ being the Fluxions
of x and y at the inftant their fynchronal chan-

ges xand ';: vanifh; and therefore X:T:i1:24,
or2 AX==7. Butat the given inftant, when
~ x#=X, and y -—2” xis alfo == 4, and therefore

at that inftant 2¥¥=7y. And becaufe the fame
may be proved in the fame manner at any other

mftant of time, therefore 2 & x =y always,
- : W.W.D.
~ Or thus:

‘WHiLsT ¥ changes from A—35to d— ;a:
. +x, %' ory changes from A— /Ix—l— %% 0
A ——Ax+4x —\- 2Ax, and tl1erefore (by

Prop. 4.) the ratio ofxtozAx, or1to24,

being a conftant ratio, is the ratio of the Flu-

xions of x to #* or y at the inftant that  be.
comes = /4, and " = A%,

PROP.
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' PROP IX. = .- 7.
-~ LeT %, %, and z be three flowing quantities

‘whofe Fluxions are always ¥y );, and z; I fay
then, that if » y =z always, and x and y flow

the fame x;'ay, that ¥y + yx=z. Butif whilft
one of them increafes the other decreafes, that

_ 2 is equal to %y—y¥, or yx—xy, according
asz flows the fame way with x or 3. Let the -

fum of x and y be v, and its Fluxion v 3 then
becaufe x4 y= v always, v’ = "4 2y %+ y*,
ie. V=¥ 5+ 2z always. Andif x andy
flow the fame way, {o it is plain muft v, v*, 5%,
&', and 2 z do. Taking therefore the Fluxions

- (by Prop. 6and 8.) x-+y =9, and 20 v =
"2345;’-]-2)5’-{-22.: always; butz*u*b:—.zx—l» 29,

x:?—\—j*-—zx:}—\—2yj+2a§y+~2ya}always, :
and thereforez xy—\- yx always‘

Acaiy; ifzand 3 ﬂowmg one \'va'y, x flows
- the contrary, affume a determinate quantity 4
- large enough, "and fuppofe 4—s=x always,

‘the Fluxion of s being 5 always ; then will £y
—sy be=1xy, and confequently £y —sy=2=
always. But here it is manifeft, becaufe 4—:s
= # always, that s flows the contrary way to ,

- and_therefore thc fame way with y and z; and

therefore
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therefore that 4y, sy, and 2, and s and y all
flow the fune way, and the contrary way to &,
.And therefore from the two preceding cquations
colle&ting the Fluxions by the foregoing propo-
fitions, and the part of this that has been pro-

ved, Ay—s5y—ys=2z, and 5= %3 and in-
ftead of s and s in the former of thefe, putting
their values 4 --x and %, Ay—xy —yAtyx

=yx—xy=2z And laly, ifz and x flow
one way, and y the contrary, in the fame man-

ner you may prove that x y — yx = z,

Coroll. He R £ if the Fluxions of decreafing
quantities are confidered as ncgative ones, then

in all cafes the Fluxion of xy= a.vy —I—yx And
from hence the rule in Sir Jfaac Newton, from

*_the equation of the Fluents to find the equation
of the Fluxions, is eafily proved.

Y \‘\\"ﬁ) G ) DI
UL &Y J1 08
G S

SEGCT. IIL

IH avEe now proved, I hope, beyond exce-
-+ ption, that confidering Fluxions as.the ve-
locities or rates with which quantities increafe or
decreafe, that their proportions may-be always
found, if the laft ratio of their fynchronal chan-

ges vanifhing at every given inftant is knogn.
' E ut
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But I would here obferve, that whatever falfe
“metaphyfics there may be in the notion of Flu-
xions confidered as velocities, it does not at all
affect the general method ;3 as Sir Ifaac Newton

himfelf has informed us, that inftead of thefe

Fluxions we may make ufe of any other finite

quantities found out from the laft ratio of the

-fynchronal increments or decrements of Flowing
Quantities; and thercfore the Author of the Ana-

Jy# hardly acted the part of a fair adverfary, in

making fuch a pother about the notion of Flu-

xions as incomprehenfible, fince if he had not

‘been able to underftand them, he might have
-made ufe of any other quantities he did under-
ftand in their ftead. I don’t fay this as if I

thought there were any difficulty in the notion

of Fluxions thus confidered ; I am on the con-

trary very pofitive that no man can make any

~ objection againft a velocity of increafe or de-
‘treafe in general, that will not as ftrongly lie
againft a velocity of motion. If quantities may
increafe fafter or flower, as well as bodies move
fafter or flower, there is no greater impropriety
in faying that one quantity increafes with a
- greater velocity than another, than in faying
~ that onc body moves with a greater velocity
than another. But tho’ I think there is no dif-
ficulty in the notion of Fluxions confider’d as
velocities, yet in order to underftand equations
where Fluxions of different orders are jumbled
together, it would be convenient to reprefent all
Fluxions not as before, but as quantities of the
fame kind with their Fluents; and "therefore I
Thould chufe to do it, were I to write a treatife
‘on this fubjet :. And this may be done in the
following manner. Take Defin. 1, and Axiom 2
- Yor the two firft definitions: Dechne alfo ulti-
: . o . mate
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imatc ratio as before, and then proceed thus:
D¢fin. 4. The Fluxion of an uniformly flowing
quantity is the change made in it in a certain
given time. Defin. 5. The Fluxion of a quan-
tity any how flowing at any given inftant, isa
quantity found out by taking it to the Fluxion
of an uniformly flowing quantity in the ultimate
proportion of thofe fynchronal changes which
then vanith. And confidering Fluxions in this
light, all the ufes might be made of them as
are done under the foregoing notion, But I go
on to what the Analy? gives me more occalion
to take notice of. I might have proved from
what went before, that the Fluxion of » is to
that of #", as 1 to #x"—'. But for the fake of
juftifying Sir IJfaac Newton, 1 fhall now take his
method. ’ ' o

LT x increafe uniformly, and ’tis propofed
to find the Fluxion of #".

WaiLst ¥ by flowing becomes x o, xf
will become ¥ —-¢|", that is, &"~nox"—" <~
22 g a"— = €¢. and the fynchronal aug-

2
ments o and nox» - _2—” 0* x" - &9,
n'—n

ox"

‘are to one another as 1:#x" "'~
+&e R

LeT now thefe augments vanith, and their
laft ratio will be as 1 :#zx"—"; and therefore the

Fluxion of x is to the Fluxion , as 1is ta
nx®—*, W.W.F,

Tui1s our author fays is no fair and conclu-
five reafoning, becaufe when we fuppofe the
¢ increments to vanifh, we muft fuppofe their
¢¢ proportions, their expreffions, and every thipg
¢¢ ¢lfe derived from the fuppofitjon of their exi-
B - Ea2 ¢ ftenge
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¢ ftence to vanifh with them,” To this I an-
fwer, that our author himfelf muft nceds know
thus much, @iz, That the leffer the increment o
i§ taken, the nearcr the proportion of the incre-
mients of » and x* will arrive to that of t to
#x"—, and that by fuppofing the increment o
continually to decreafe, the ratio of thefe fyn-
chronal increments may be made to ‘approach
tb it nearer than by any affi gnablc difference,
and cah never come up with it before the time
when the increments themfelves vanith. And
-no more nor lefs than this does Sit Jfzac mean
(as he himfelf informs us) when he ﬁys, that
the laft ratio of the vanifhing increments is that
of 1 to 75", ‘When therefore our author
- muft own that to be trae which Sir Zfzac intends,
what fignifies it to difpute whether it be proper
to fpeak of the proportion of the increments as
ftill in being, when the quantities themfelves
vamfh or become = o.

- For tho’, ftritly fpeaking, it thould be al-
lowed that there is no laft proportion of vanifh-
ing quantities, yet on this account no fair and
candid reader wou’d find fault with Sir Jfaac
.Newton, for he has fo plainly defcribed the pro-
portion he calls by this name, as fufficiently to
diftinguifh it from any other whatfoever : * So
that the amount of all objetions againft the ju-
ftice of his method in finding out the laft propor-
tion of vanifhing quantities, can arife to little
more than this, that he has no right to call the
proportion he finds out according to this method
by that name, which fure muft be egregious
trifling. However, as on this head our author.
- feems to talk with more than ufual confidence
of the advantage he has over his opponents, and

nges
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gives us what he fays is the ¥ amotnt of § Jfaac’s
~reafoning in a truly ridiculous light, it will be
proper to fee on whom the laugh ought to fall,
for I am fure fomcbody muft here appear
ftrangely ridiculous, His arguings and illuftra-
tions founded on || the Lemma he propofes as
felf-evident, I think 1 have no occafion to med-
dle with, becaufe I readily allow whatever con-
fequence he is pleafed to draw from i, if it ap-’
pears that Sir Jfaac, in order to find the laft
ratio’s propofcd, was obliged to make two in-
confiftent fuppofitions. To confute which no-
thing more nced be faid than barely to relate
the fuppofitions ke did make.

1. TuEN he fuppofes that » by increafing be-
~ comes ¥—o0; and from hence he deduces the
relation of the increments of » and x". _
2. Aca1n ; in order to find the laft ratio of
the increments vanifhing, he f fuppofes o to de-
creafe till it vanifhes, or becomes equal to no-
thing. Befides thefe he makes no other fuppo- |
fitions, and thefe are evidently no more incon-
fiftent and contradictory, than to fuppofe a man
fhould firft go up ftairs, and then come down
again. 1o fuppofe the increments to be fome-
thing and nothing at the fame time, i$ contra~
dictory ; but to fuppofe them firft to exift, and
thén to vanifh, is perfectly confiftent; nor will
the confequences drawn from the fuppofition of
their prior exiftence, if juft, be any ways affected
by the fuppofition of their fubfequent vanifhing;
becaufe the truth of the latter fuppofition no
BT - ' ' ways

' ® Andlft, p. 21. -} Id. p. 20.
"4 That what is here made the fecond fuppofition, is
traly the meéaning of Ewanefeant jam augmenta illa in
" Sir Jfaac Neavten, is very plain from the manner in which

he fuppofes quantities to vanifh throughout the JuiroduiFion
t6 the Quadratures.
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'ways contradicts the truth of the former, To
make this more plain, confider what is made
out from each fuppofition: from the firft that
x has increafed by o, this confequence is drawn,
that the proportion between the increments of
‘wand x", /o long as they exift, may be exprefled
N\

z p 2o "2 &, if o
always exprefs the increment of x. And this
confequence is no ways affe€ted by fuppofing
o continually to decreafe, and at length to vanith.
But from this laft fuppofition we may gather,
that the leffer 0 is, fo much the nearer the ratio
of 1 to nx"~' comes to the ratio of the incre-
ments ; and that by a continual diminution of
0, it may come as near to it as you pleafe, but
can never equal it before o quite vanifhes ; and
therefore this ratio, and no other whatfoever,
agrees to the defcription which Sir Jfzac has gi-
_ ven of the ultimate ratio of the vanifhing incre-
"ments. His conclufion therefore comes out
without the fuppofition of any thing inconfiftent,
And our Author, by his way of objeting, feems
to make no diftintion between two oppofite
things being done at the fame time, and their
being done at different ones; between a line’s
being drawn, and then rubbed out; and lines
fuppofed to be drawn, and not drawn at all;
as will appear ftill farther by confidering his
objection againft the way of finding out the
ordinate of a curve from the area and abfciffe
being perpetually given (which is a problem
analogous to that of finding the Fluxion from
" the Fluent perpetually given, and) which I
fhall now reprefent fomewhat more diftinctly
_than he has done, and then confidér his obje-
¢tion againtt it, . .

by that of 1 to #x" '~
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A LeT the arca ABC=A, the
/ abfciffe 4B =15, the ordinate
C BC =k, all which are ftand-
_ ing quantities as well as the
/ p fquarc @ M=»M, and its fide 0
) =g¢; and let any other ordinate,
Q O with its correfpondent abfciffe
and adjoinirg area, as D E, 4D,
AED, be called refpettively z, x,
M  and 7. And the nature of the

curve is fuch, that the area of the

curve is to @ M as the cube of the adjoin-
ing abfciffe is to the cube of @ O; that is,
Axg*=Mxb}, and Vx¢*=Mx«'. From

E

“whence I find the area BCED x¢*=M

xx'—b*; and fuppofing BC ED= to the ret-
angle Bo, and calling Do, y, I find, inftead of
B g E D, putting its value, and dividing by x—5,
that yg=x"-+xb-+54*; which cquation I fee

~Is true, let x be of any magnitude either greater

or lefs than b; from whence I conclude it muft
be true alfo when x=». And becaufe I find
that y is always a mean between k and 2, [
conclude that when ¥ = b, fince then 2=k, that
then alfo y=#; and therefore that at that time

- the equation y ¢ = x* -+ b x -+ b* muft degenerate

into this, k¢ = 34*, which gives me the relation
of the ordinate and abfciffe. W.W. F,

Now in this way of reafoning, fays our Au-
thor, there is a direct fallacy ; becaufe, firft, we

. are obliged to fuppofe that 4 and x are unequal,

without which we could not proceed one ftep ;
and, in the fecond place, it is fuppofed that they
are equal, which is 'a manifeft inconfiftency.
But cannot fo accurate a reafoner as our Author
diftinguith between different times? To fuppofe
# and } equal and unequal at the fame time,
, ' . would
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would have been an inconfiftencys but to fup-
pofe them firft unequal, and afterwards to be-
come equal, has not the fhadow of difficulty in
it.  And there is nothing wonderful in it, that
from the fuppofition of ‘both thefe things hap-
ening one after another, I can deduce a con-
clufion which would not follow from either fup-
ofition fingly mken, and that the conclufion
? have drawn is juft, will appear to any one
that confiders what is diftinctly made out in each
ftep of the demonftration.
,_ %Y taking x different from &, I find this
equation, yg¢=«"-+xb-+ 5", and obferve it
- holds true of whatever magnitude «» be taken ;
the meaning of which may ‘be thus expreflfed in
~ words at ]ength : There always is a line greater
than one and lefs than the other of the two
?uantities k and z, fo long as they remain dif-
ferent; which multiplied by ¢ is always grea-
ter than onc, and lefs than the other of the two
quantities 34* and 34"  Now this propofition
is always true whatever becomes of x afterwards,
and from it I infer that at the time when x =5,
and k=2, kg muft alfo be equal to 35 The
force of which inference depends upon this plain
axiom, That if fo long as two quantities remain
different, a third be always greater than one
-and lefs than the other of them, as foon as by a
- continued increafe or decreafe any two of thefe
~ quantities become equal, all three of them muft
- be equal. The truth of which, were there any
manner of occafion for it, mxght eafily be made
out by reducing the contrary pofition to an ab-
“furdity.
~ In what has been faid, I have deﬁgnedly ta-
-ken notice only of thofe objc&lons of the inge-
nious author of the Analyft which relate to the
: . , do&rmc

T
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do&rine of Fluxions; as for the differential
method of Leibuitz, 1 do not undertake its de-
fence, becaufe I think the notion of Fluxions
confidered as velocities, or rather as finite quan-
tities of the fame kind with their Fluents, as
before defcribed, is much more eafily conceiva-
ble, and frees from difficulty. Nay, I muft
confefs there feems to me to be fome objetion
againft confidering quantities as generated from
moments. What moments, what the principia
jamjam mafcentia finitarum quantitatum, are in
themfelves, I own, I don’t underftand ; I can’t,
I am fure, eafily conccive what a quantity is
before it comes to be of fome bignefs or other;
and therefore moments confidered as parts of
the quantities whofe moments they are, or as
really fixed and determinate quantitics of any
- _ kind, are beyond my comprehenfion, nor do I
indeed think that Sir Ifaac Newton himfelf did
thus confider them. But when he fays, for in-
ftance, that the moment of A* is equal to the
moment of A into twice 4, his meaning is
> only this, that if the increment of 4 be con-
tinually diminifhed, the proportion between
that into 4, and the correfpondent increment
of A* will approach towards, and at length
come nearer to, a ratio of equality than by any
affignable difference. And thus underftanding
him, the proportion of moments is 2 phrafe ea-
fily intelligible, and his meaning very evident
in every fentence where he ufes it, altho’, with
, me, you can’t imagine what a moment in itfelf
.is. ’Tis true indeed, upon this fuppefition, it
may not be agreeable to the exact accuracy of -
language, to fpeak of moments as if they were
real intelligible quantities; but I am fure this ﬁ
S a
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all that can juftly be obje€ted againft it, and
that there is no falfe logic or mcmphyf cs in it,

‘Whether I have here fpol\e the fenfe of S" Ifaac
himfelf, or not, I won’t be pofitive, and muft
leave it to the judgmcnt of the reader converfant
in his works; but I think he has given us inti-
" mation fufficiently plain, that we may at leaft
thus i interpret him if we pleafe he being not at
all folicitous'under what notion we confider mo-
ments, whilft we take their pr oportxons m that
manner he direéts us.

- Ovur Author may perlnps think hlmfelf
“not fairly ufed, that there has been no more
notice taken of fecond and third &c. Flu-
xions in this treatife, but it is to no purpofe
to defend thefe before the objetions againft
* the firft are given up; and if the firft are well
~underftood, there is no manner of difficulty in
the other, except what arifes from this confide-
ration, that our ideas become fomewhat more
complex as we go on to the higher orders of
Fluxions. However I fhall mention one thing
for the fake of young beginners in this fcience,

5 Suppofe ¥ =¥, and b flows uniformly, then,
accordmO' to the method of Fluxions, 2 y Y=,

and 2 y":x,- it may be inquired what is the
‘meaning of this equation taking Fluxion in the
_notion of velocity, fince upon that fuppofition
_firft and fecond Fluxions are quantities of diffe-
.rent kinds, and therefore have no proportion to
one another? To this Ianfwer, that the only
.meaning of thc equation is, that if you take the
' value



- Doctrinz of r LUXIONS. 43
value of 2 y* and ¥ at two different times, the

2 y”’s arc in the fame proportion to one another

that the ¥’s are. And in like manner are equa-
tions always to be underftood which involve
quantities of different forts; they don’t exprefs
the proportion of heterogeneous quantities to
one another, but of different values of homoge-
neous quantitics among themfelves.  And from
hence our Author may, if he pleafes, reccive
an anfwer to the latter part of his thirty-firt
query ; an odd query, furely, to be made by
one that pretends to anfwer Sir Jfaac Newton :
But feveral of this kind are to be met with,
which fhew greater prejudice againft the Ma-
thematicians, than knowledge of the principles
which they maintain. And I can’t help obfer-
_ving, that tho’ our Author profefies the utmoft
caution as to what he admits as true, and a con-
cern for the utmoft accuracy in reafoning, yet
neither the one nor the other appears when he
is making his objetions againft the Mathema-
ticians. "Of this I fhould not have taken any
notice, if his defign had only bezen to correét
fome miftzken  notions among the Mathemati-
cians; but as his intention is evidently to run
down their method of reafoning, and to repre-
fent them as Bigots and Enthufiafts in their own
{cience, it is but a piece of juftice to them to
dhew that their adverfary is as inaccurate in his
reafonings, and as incautious in his affertions,
and in forming his accufations, as any of them
~can be. Of this the reader may have already
obferved fome inftances, and I fhall beg his pa-
tience whilft I mention one or two more.

F 2 1. Hg

v
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1. He urges againft the Mathematicians
with great injuftice, I think, that they imagine |
there may be a proportion between nothings,
and yet he himfelf argues from this principle,
Anal. p. 18. ¢ Points arc undoubtedly equal, as
¢ having no more magnitude one than another,
¢¢ a limit or point, as fuch, having no magni-
¢ tude.”

- 2. Every reader of the Analyft will obferve
what ftrefs he lays on this maxim, Inaccurate
premifes cannot infer an accurate conclufion ; as
if nothing more was neceffary than the belief of
this principle to confute his adverfaries; whereas
the inference he would draw from thence, that
we thercfore cannot, in any cafe, know the
conclufion to be right, if we have argued from
the fuppofition of the truth of what we know to
"be falfe, or don’t know to be true, is what no
rules of logic will juftify: becaufe it is poffible-
for me, by virtue of falfe or inaccurate premifes,
‘to gain a conclufion, and at the fame time to
~know that the error in the premifes will not
caufe any error in the conclufion. Thus in
Algebra the fuppofition of a negative quantity, -
or a quantity lefs than nothing, is an abfurdity,
but yet this is no hindrance to the evidence of
thofe conclufions that according to the rules of
art are derived from it, And again, to bring
an inftance more to our prefent purpofe, I’ll al-
“Jow that the fuppofition of an infinitefimal is
abfurd, and alfo that the fuppofition that an in-
finitefimal added to a finite quantity does not
increafe its magnitude is abfurd, when an infi-
nitefimal is confider’d as a fix’d determinate
. ' : quantity ;
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quantity 5 and yet, I fay, in deducing the value
of the fubtangent of a Parabola from thefe fup-
pofitions, I may be fure that I make a right
conclufion; becaufe thofe quantities which I
fuppofe to be infinitely fmall, if they are not fo
will be very fmall, and thofe I fuppofe to be
equal will be very nearly fo, and therefore the
error in the conclufion can be but very fmall;
i. e. the fubtangent will be equal to twice the
abfciffe very nearly. But I am certain that this
cannot poflibly be demonftrated concerning any
finite and determinate quantities, unlefs they are
truly and exactly equal, if you don’t fix upon
fome determined proportion or difference as the
ftandard of what is nearly equal, but leave every
perfon at liberty to chufe what he will. And
- from this principle I would obferve, that the
_ conclufions found by Leibritz’s method of diffe-
rences may be proved to be true, notwithftand-
ing the error or inaccuracy of his principles :
for fuppofing in his method that the mark of
equality = does not fignify truly but nearly equal
in the fenfe before given, and then corret your
conclufion by the forementioned axiom, and
you may be fure it is juft. ' :

" 3. HEe reprefents the Mathematiclans as
founding their reafonings on maxims fhocking
to good fenfe, as particularly when they take it
for granted that a finite quantity divided by no-
thing is infinite, Query 16. I fuppofe our Au-
- thor will not pretend to fay here that he de-
figned only to afk a civil and innocent queftion,
but to charge the Mathematicians with proceed-
ing on fuch abfurd maxims as this ; and if fo,
it is an hafty and ill-grounded charge; ’tis a
: : - charge,
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charge, I think, he himfelf can hardly imagine
to be true.  Does our Author take all Mathe-
- maticians to bs fools; or did ever any fool
imagine that a reafonable anfwer could be given
to this queftion, How many nothings will fill a

quart; and that the proper anfwer is, An infi--

nitc number? Yet this is only to fay that a
quart divided by nothing is infinite. ’Tis al-
lowed that this is a rule in Algebra, that finite
divided by nothing is infinite: but the meaning
of it is only this, that if I inquire how big any
-quantity muft be taken in order to anfwer any
purpofe, and-the anfwer come out according to

- I 2 o .
the rules of Algebra = or > &, this is a fign

that no finite quantity is large enough. And
is there any thing fhocking in this to the fenfe
of any man, from the porter to the philofo-

pher? The fame kind of anfwer. ought to be'

given in relation to other maxims of Algebra,
which appear ftrange to thofe unaccuftomed to
the phrafes, and really are in themfelves fenfe-
lefs expreffions, as that'the fum or product of
twb impofiible quantities may be poffible. Nay
this may be faid of the terms multiply and di-
vide, add and fubtraét, as ufed in Algebra. An
Algebraift never fcruples to fubtra&t a greater
quantity from a lefs; but if he really defigns to
do this, he may try till his heart akes before he
* will be able to accomplifh it, or to know what

he is about. All thefe phrafes are therefore to

be confidered merely as terms of art to help the
memory in an algebraic procefs, or figns of
" rules, which from other principles we muft
know to be juft, and not from any idea we
have of the things, which, according to the
' : ' common

d

N
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common ufe of the words, an ignqrant man
may fancy they are intended to exprefs. *Tis
pity, indeed, thefe things have not been more
. particularly expliined by the writers of Alge-
bra, the want of which may well make it ab-
ftrufe and confounding to beginners. Yet fora
perfon to make thefe objections againft the art
or thofe that underftand it, is as if I thould im-
pute it to the Logicians as a fault in theirs, that
they ufe the horrid terms Barbara, Celarent, &c.
Nor do I thirk the ufe of thefe abfurd expref-
fions peculiar to Algebra, but they are fre-
quently ufed where, thro’ their being familiar,
and the defign of them eafily intelligible, they
are not thought to have any odd found. Thus
it is 2 maxim in Arithmetic that 2 x0o= 5x o,
or in general any number multiplied by o is
-=o. -Now I fay that if by this any thing
elfe be underftood than that this is a good rule
to go by in managing figures in Arithmetic, I"
- will fo er venture the laugh of the Public as to
declare I don’t underftand it. He that can
take two nothings and find their fum, and then
five nothings and find their fum equal to the
former, feems to me to be in a fair way to be
able to divide by nothing, and find the quo-
tient; and, with a little more pains, may
prove that two is equal to five. ‘To multiply
by nothing, is as abfurd as to dividé by no-
thing ; and to fuppofe we can do either, is to
imagine nothing to be a real quantity or num-
ber: for nibili nulle funt affeitiones. Here I
fuppofe our Author agrees with me from his
- 4oth Query; but no one will fay that for this
- reafon we ought to reject the maxim confidered

as
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as a rule of Arithmetic, that the produ& of "
any number by ois =o.

4thly, Query s0. HEe reprefents the dif-
putes‘and controverfies umong Mathematicians
as difparaging the evidence of their methods :
and, Query 51. he reprefents Logics and Me-
taphyfics as proper to open ‘their eyes, and
extricate them out of their difficulties. Now
were ever two things thus put together ? If
the difputes of the profeflors of any fcience
difparage the fcience itfelf, Logics and Meta-
phyfics are much more difparaged than Mathe-
matics ; why therefore, if I am half blind, muft
I take for my guide one that can’t fee at all?-
And to fay the truth, it can hardly be look’d
upon as fair to reprefent Mathematics as difpa~
raged by the difputes of its profeffors, which.
-infinuates that in this way it is peculiarly dif-
paraged, whereas the quite contrary is true,
there being fewer difputes among Mathema-
ticians, as fuch, than any other perfons what-
foever. The difputes of Mathematicians about
metaphyfical and philofophical principles have
nothing to do here; and take away thefe,
hardly any remain. .

. Laftly, His frequent infinuations that Ma-
‘thematicians don’t care to be tried by the rules
of good logic, and require indulgence for in-
~corre&t and falfe reafonings, and think that the
_truth of the premifes are proved without more
ado by the truth of the conclufion, are en-
tirely groundlefs. They, as well as all other
"mortals, defire indulgence for inaccurate ex-
preflions, but none for falfe reafoning ; and for
o following
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following the exalteft rules of logic, they
pride themfelves in being the moft perfect
patterns.

To make a thing plain as a propofition in
Euclid, is to give it the laft degree of evidence.
* Nor is it any objcction to the juftnefs of their
reafoning, that an algebraical note is fome-
-times to be interpreted, at the end of the pro-
cefs, in a fenfe which cou’d not have been
fubftituted in the beginning of it; fince if
quantities themfelves are confidered as conti-
nually changing, the fenfe of the mark which
reprefents or exprefles them muft,’ in order to
its doing fo, continually change along with

them. And they never imagine that any par-

ticular fuppofition can come under a general
cafe which is inconfiftent with the reafoning
thereof, or any jult reafoning whatfoever:
tho’ they have many times good reafon to
conclude that particular cafes in a general theo-
rem are true, tho’ they could not be proved
in the fame manner with the theorem itfelf,

To conclude; as I would not be thought,
by any thing I have faid, to be an enemy
to true Logic and found Metaphyfics; and on
the contrary think the moft general ufe of
the Mathematics is to inure us to a juft way

~ of thinking and arguing; it is a proper in-

quiry, I imagine, for thofe who have the -
direttion of the education of youth, in what
manner mathematical ftudies may be fo pur-
fued as moft furely to anfwer this end : upon

which head the hints our Author gives, Queries

* 15, 38, 56, 57, dcfcrv(e; to be confider’d: for

' . fo

* Query 43.

’
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fo far as Mathematics do not tend to make men
.more fober and rational thinkers, wifer and
‘better men, they are only to be confidered as an
amufement, which ought not to take us off
from ferious bufinefs.

ERRATA.
. PREFACE, pag. 5. 1. 11. for a perfon r. perfons.
26. 1. 23. for propofitions . proportions.

-32.L16.far 2y x 1. 'z}x.
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Fuft Publifi’d,

TH E Philofophical Grammar; being a View of the Pre-
’ fent State of experimented Phyfiology, or Natural Phi-
lofophy. In four Parts. Part I. Somatulsgy, treatcth of the
univerfal Nature and Properties of Matter, or Subftance,
and the fpecifick Qualities of natural Bodies. Part IT. Cof-
mology, exhibiteth a general View of the Univerfe, and its
great conftituent Parts; the Sun, Moon, Planets, Co-
mets, fix'd Stars, {&Fc.  Part III. Aerolgy, comprifeth the
Pthofophy of the Atmofphere, fhewing the wonderful Na-
. ture and Properties of the Air, Wind, Meteors, and other
Phznomena therein. Part IV. Geology, containeth a Phi-
lofophical View of the terraqueous Globe, in all its Parts
.and Produtions; as Mmerals, Metals, Stones, {c. The
Laws of Fluids; the Sea, its Tides, &’c. Of Rivers,
Springs, &e.  Of Vegetation, and the Nature of Plants,
Trees, &’c.  Of the Parts of Animal Bodies ; and a Survey
of the Nature of Beafts, Birds, Fifhes, Infets, Reptiles,
Shell-Animals, &c. The whole extratted from the Wri-
‘tings of the greateft Naturalifts of the laft and prefent Age,
treated in the familiar Way of Dialogue, adapted purpofely
to the Capacities of the Youth of both Sexes ; and adorned
and illuftrated with Variety of Copper Plates, Maps, &c.
Several of which are entirely New, and all cafy to be un-
derftood. By Benj. Martin. .

II. A New Compleat and Univerfal Syftem or Body of
Decimal Arithmetick : containing, I. The whole DoéZrine
of Decimal Numbers, not only the Plain and Terminate,

. but alfo fuch as Repeat or Circulate ad infnitum; and a
plam ‘but perfett Management of both, laid down and ex-
plained
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plained in all the Fundamental Rules of Plain Arithmetick,"
and by Logarithms. 11. The Application and Ufe of Deci-
mal Arithmetick in all the Parts or Branches of Arithmetical
- Sciences viz. Vulgar Arithmetick, Vulgar Fractions, Duode-
cimal and Sexagefimal Arithmetick ; alfo in Algebra and Lo-
garithms. Inall which its Excellency and abfolute Neceffity
1s fully evinced. III. Its Application and Ufe in all fuch
Parts of the Mathematicks as abfolutely require its /-
Sance; viz. Plain Trigonometry; ‘and the "Arts depending
thereon; as, Nawigation, Fortification, Altimetry, and
Longimetry: Alfo the Menfuration of all kinds of Superficies
.and Solid Bodies 3 and the Arts refulting thercfrom; as, Gax-
ging, Surveying, &c. 1V. A New and Compleat Sett of Deci-
mal Tables, never before publithed ; fhewing by Infpection
the Value of 2zl kinds of Decimals (without the tedious
Methods of Reductions hitherto ufed) to four or fix Places
of Figures: Alfo of all the Common Tables, very much in-
darged, correited, and improved ; wherein all the Circulating
Numbers are marked.  With all other Tables of Intereft,
Annuities, Exchange, &’c. meceffary to render the Work
compleat. V. An exatt and accurate Canon of Logarithms
for natural Numbers. And thro’ the whole, feveral Things

new and ufeful, not here exprefs’d. By Benj. Martin.

o

I The Young Student’s Memorial Book, or Pocket Li-

- ‘brafy :. containing, I. The Rudiments of Logarithms, De-
gimals, and Algebra, in great Variety of Rulesand Cafes.
-7 II. A very large Colletion of Theorems and Canons for

" folving Queflions and Problems in the various Parts of ‘A-
_rithmetic, Algebra, and Fluxions. III. Rules, Theo-

- yems and Canons refolving all the ufeful and common Prob-
Jems in the Mathematical and Mechanical Arts and Scien-
ces, viz. Menfuration, Gauging, Conics, Plain and Spheri-

_ eal Trigonometry, Nawvigation, Fortification, Gunnery, Aftro-

... nomy,. Dialling, Optics, Perfpeitive, Architelture, Mecha-

rics, Geometry, &c. IV. A large Collettion of Mathemati- '
cal Tables ; ferving to various Purpofes of Arithmetic, Aftro-
nomy, Geography, Chronolygy, &c. with a Perpetual Alma-
nack adjufted to the prefent Year 1735. V. An Apparatus
of the Mathematical Lines, for the Operation of any Que-

- Jtion or Problem, as is perform'd by the Plain Scale, &f¢. By

Benj. Martin. BRI o
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